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Abstract-Hydrodynamic and thermal stability of combined thermal buoyancy and lid-driven shear flow 
in a shallow cavity is analyzed by means of linearized perturbation theory. The analysis considers a cavity 
heated from below and cooled at the upper moving lid. A numerical procedure, which has generality with 
respect to boundary conditions, Reynolds, and Prandtl numbers, is described for solution of the linearized 
model equations. A direct numerical integration (RungeKutta with Newton-Raphson) method is used 
to solve the differential conservation equations. This method gives an exact result for the classical Eenard 
problem where the flow becomes unstable at a critical Rayleigh number, Ra, = 1707.76. The numerical 
results show the existence of two critical wave numbers depending on whether the dominant force driving 
the flow is due to buoyancy or shear. For Pr < 0.1 the instability is due to the buoyancy force for constant 
heat flux boundary conditions, while for Pr = 1 the instability is due to the shear force. Increasing the 

Reynolds number stabilizes the flow, and reducing the Prandtl number makes the flow more unstable. 

INTRODUCTION 

IT IS WELL known that a fluid in a rectangular cavity 
heated from below is unstable when the Rayleigh 
number exceeds a critical value for which the viscous 
force can no longer support the buoyancy force. 
Therefore, the equilibrium cannot be maintained 
within the fluid giving rise to the formation of con- 
vective cells. At higher temperature differences the 
stationary roll patterns become unstable and a time- 
dependent flow develops [ 11. This problem, known as 
the Benard problem, continues to challenge 
researchers [2-51. The stability of stratified channel 
flows has been considered by many researchers study- 
ing the onset of vortices in fully developed laminar 
channel flow heated from below [6-121. Chandra [6] 
appears to have been the first one to perform exper- 
iments on the effect of shear force (Couette flow) on 
the Benard problem. Gallagher and Mercer [7] solved 
linear stability equations for plane Couette flow with 
the heated lower plate. Their analysis was limited to 
Re < 150 (where Re is based on the half distance 
between the plates), and the predictions were com- 
pared with the experimental data of Chandra 

161. 
Di Prima and Stuart [13] and Bayly et nl. [14] 

reviewed the theoretical and experimental devel- 
opments on stability and transition in plane Poiseuille 
and Couette flows for isothermal conditions, and 
Platten and Legros [15] considered stability under a 
variety of circumstances, including channel, natural, 
and mixed convection flows. Experimental results 
show [15] that the transverse rolls are preferred over 
the longitudinal rolls in the developing regions of 
Poiseuille flow and that for small rates of shear the 
transverse rolls are formed at the boundary of the 

plane Couette flow [6]. However, no experimental and 
theoretical results for a closed cavity heated from 
below in the presence of shear appear to have been 
reported, and the stability of mixed (thermal and shear 
driven) convection has not been studied. This may be 
due to the range of Reynolds numbers considered, 
because such a transition from thermal to shear driven 
flow is clearly evident at higher Reynolds numbers. It 
is recognized that shear does not change the critical 
Rayleigh number for longitudinal rolls in Benard con- 
vection but influences the stability of other modes. 
The focus in the paper is on other modes, because the 
solution of Benard’s problem is already available [ 11. 
The stability of flow in shallow cavities driven by 
combined shear and buoyancy forces is relevant to 
industrial processes such as coating, galvanizing and 
glass manufacturing by the float process [16] as well 
as to geophysical [17, 181 problems. In float glass 
production, for example, a glass ribbon moves over 
molten tin contained in a bath, and the instability of 
flow affects the quality of the product. 

This paper considers the hydrodynamic and ther- 
mal stability in a shallow cavity where flow is induced 
by a buoyancy force due to bottom heating combined 
with a shear force resulting from the motion of the 
upper lid of the cavity. In most cases the linear stability 
analysis provides valuable information about the 
mechanism of the instability. The results of linear 
stability analysis are often used as a starting point 
of a non-linear analysis, and this has provided the 
motivation for the present work. The Prandtl number 
effects were studied and the results show a marked 
variation in the stability mechanism of the flow, 
depending upon the magnitude of the Reynolds and 
Prandtl numbers and the imposed-thermal boundary 
conditions. 
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NOMENCLATURE 

Bi, Biot number at the lower boundary of the .Y horizontal coordinate, see Fig. 1 
cavity, h, H/k 2 vertical coordinate, see Fig. 1. 

Bi, Biot number at the upper boundary of the 
cavity, h, H/k Greek symbols 

9 gravitational acceleration thermal diffusivity or (k f + kl) ‘I ’ 
H height of cavity, see Fig. 1 ; thermal expansion coefficient 

k I heat transfer coefficient at the lower 1, dimensionless coordinate. x,/H 

boundary 0 dimensionless temperature, 

h> heat transfer coefficient at the upper (7-- T*)lV1- T2) 
boundary 4 dimensionless coordinate, z/H 

I length of cavity, see Fig. 1 P density 
k thermal conductivity of the fluid 0 complex growth rate 

k, wave number in the .x-direction Z dimensionless time, tv/H’. 

kz wave number in the ?a-direction 

P pressure 
Pf? Peclet number, Re Pr 

Subscripts 

Pr Prandtl number, V/X 
C critical value 

Ru Rayleigh number, g/?(T, - Tz)H3/va 
i x, y or i velocity component or imaginary 

Re Reynolds number, U,H/v 
component 

Re wave number Reynolds number, 
1 lower horizontal plate at z = 0 

(Re k ,)/a 
2 moving upper horizontal plate at E = H. 

1 temperature 
t time Superscripts 

U” velocity of the moving upper plate perturbation quantity 

ii dimensionless mean velocity, u/U, 
_ 

mean quantity. 

STABILITY ANALYSIS 

The physical model and the coordinate system of 
the problem considered are shown in Fig. 1. The bottom 
is heated and maintained at a higher temperature than 
the upper lid. which moves at a constant velocity. 
Robin boundary conditions (convective boundary 
conditions) are considered in the modeling. This type 

of boundary conditions is more general and realistic 
than constant heat flux or constant temperature 
boundary conditions. The cavity is considered to be 
shallow, L/H >> 1. For the problem considered the 
Boussinesq approximation permits the conservation 
equations of mass. momentum, and energy to be writ- 

ten as [15] 

FIG. 1. Physical model and coordinate system. 

(3) 

where 1, is a unit vector in the direction of the buoy- 
ancy force. Non-parallel flow exists only in the end 
regions. The basic flow is considered to be parallel 
and end effects are neglected. 

For steady, laminar parallel flow [i.e. U(Z), 
21 = w = 0] the continuity, momentum, and energy 

equations can be written as 

s H 

udz=O 
0 

0 = Lap +$,p p ax ? 

0 = - ; $ +gj(T- T:) 

0 - a2T 
a? 

(4) 

(5) 

(6) 

(7) 

The boundary conditions are 

14 = 0 and T = T, at z = 0 

u = II, and T = T2 at z = H. (8) 

The solution of the above equations after nor- 
malizing Z, u, T with H, U, and T, - T,, respectively, 
yields 
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FIG. 2. Core velocity and temperature distributions. 

a= -35(1-5)+5 (9) 

@=I-& cw 

The velocity and temperature profiles in the core 
region are shown in Fig. 2. 

The stability of the ffow can be analyzed by intro- 
ducing a small disturbance in the flow : u = i+u’ ; 
v = v’; w=w’;p=p+p’and0=~+B’wherethe 
primed quantities are perturbed variables and the bars 
denote the steady-state flow velocity components, 
pressure and temperature. Using Hz/v, H, a/H and 
(T, - TZ) for scaling time, length, perturbed velocities, 
temperature (the lid velocity is used to scale the steady 
velocity), and introducing the perturbed quantities 
into the conservation equations while neglecting the 
products of small quantities, the conservation equa- 
tions become 

(11) 

The boundary conditions are taken as 

24’ = 0 at 5 = 0,l 

DB’+Ri,B’=O at c=O 

D8’+Biz0’=0 at <=l 

where D = d/dt. 

(14a) 

(14b) 

(lk) 

Assuming the ~rturbations have the following 
form : 

F(t,x,y, z) = R(z) eor+i(k@+k2y) (15) 

where F(z) and CT are complex quantities ; i.e. 

F(z) = F, + i& (16) 

cr = a,+io,. (17) 

The substitution of equation (15) into equations (I I)- 
(14) yields 

ikiu’+ik&+Dw’ = 0 (18) 

(TU’ = -ik,~-Re(ik~~~‘~~‘D~) 

+(D*-k;-k;)u’ (19) 

en’= -ik,P’-iReiik,v’+(D’-k:-k&‘(20) 

CJW’= -DP’-iRet7k,w’+(D2-kT--kk:)w’+RaB 

(21) 

aPr8’= -~e~k,~-~‘D~~(D2-k~-k~)~. 

(22) 

Setting k, = 0 in the above equations (longitudinal 
mode) eliminates the effect of the mean flow (i.e. 
Reynolds number) on the perturbed quantities v’, w’ 
and 0’. The only effect of the Reynolds number is to 
modify the u’ velocity. Solution of equations (20)- 
(22) with the aid of equation (18) for the longitudinal 
modes leads to the Benard problem. Results for this 
problem are available in the literature [l]. By setting 
k z = 0 and considering the transverse modes, equa- 
tions (lo)-(22) become 

ik,u’+Dw’ = 0 (23) 

&= -ik,~‘-Re(~ik~~‘+~‘D~)+~‘-k~)~’ 

(24) 

~a‘= -iRezik,v’+(D2-ktfu’ (25) 

CW’= -DP”-iReGk,w’+@*--k:)w’+Ra6 

(26) 

aPrf?‘= -i~e~~~-w‘D~+~D2-k~)~. (27) 

Eliminating the pressure term from equations (24)- 
(26) and using equation (23), gives 

D4w’= (a+2k:+ik, Rezi)D’w’ 

-(aki+k”:i-ik, Re D21+ik: Re C)w’+k: Ra 0 

(28) 

and 

D28’ = (a Pr+i Pe z?k, +kf)tl’+ w’D& (29) 

The boundary conditions are 

Dw’ = w’ = 0 (30a) 

Df?‘+Bi,B’=O at r=O (3Ob) 

and 

DfY+Bi,6’=0 at t= 1. (3Oc) 

When Bi, and BiZ are set to zero, constant heat flux 
boundary conditions are simulated. If Ri, and Biz are 
set to infinity this corresponds to constant tem- 
perature boundary conditions. The model equations 
are rather complex and no closed form solutions 
appear possible. 

The analysis presented above is directly applicable 
to situations where k, and k2 are not equal to zero 
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(oblique wave). Using Squire’s theorem_ [ 151, 
assuming that k:+kz = ct2 and k, Re = CL Re, and 
introdu~ng the above definitions into equations (I 8)- 
(22), after some algebraic manipulations leads to 
equations similar to equations 28) and (29). If k, is 
replaced by CI and k, Re by ec Re, the Rayleigh num- 
bers are not changed. Therefore, the results based on 
the above analysis are applicable to k , # 0 and X-? # 0. 

Table 1. Effect of Prandtl and Reynolds numbers 
on the critical Rayleigh number 

--~ 
-__- 

Ra< 
Pr Re Poiseuille Couettc 

- ~_______. ________. 

0.1 100 1742.22 7358.50 
400 2214.38 X743.27 

0.01 100 1730.06 2201.65 
400 2030.23 6073.87 

METHOD OF SOLUTION 
(30), we have that 

Linear ordinary differential equations which arise 
in stability analyses have been solved by various t, =Cz=O (35a) 

authors using different techniques such as the Galer- 
kin method [19, 201, local potential method [II], and 
pseudospectral method with Chebyshev series [21] or C,fBi, c, = 0 (35b) 
direct numerical integration [ll. 22, 231. The latter 
method is straightfo~ard in fo~ulation and and from the second set of boundary conditions at 
superior in accuracy compared to the other methods ; = I .O. equation (3) we have that 

which depend on the type of basic functions and num- 
ber of expansion terms. It was chosen for these reasons 
even though it has some disadvantages. The method 
is sensitive to the initial guess of the parameters Ra 
and 0. However, this difficulty can be overcome by 
scanning the range of wave, numbers for given Rey- 
nolds and Prandtl numbers. In most cases the initial 
value of k, was taken as 0.05 and increased by 0.1 or 
0.05 each iteration, and Ra and cz were set to 2000 and 
0, respectively. For example, to scan the value of k, 
from 0.05 to 7 required about 140 data points. 

The first step in the solution is to write equations 
(28)-(30) as a system of first-order equations split into 
real and imaginary parts by assuming that 

where 

)I‘, = cli_, +iz?, (31) 

W, = W, n’, = z>, fir? 

br2 = Dw,, rt’L = z’1 i iz)4, etc. (32) 

In equation (17) 8, = 0 corresponds to neutral 
stability. Equations (28) and (29) are sixth order, but 
they can be written as a system of six first-order equa- 
tions. Splitting the resulting equations into real and 
imaginary parts gives twelve first-order equations. 

The solution vector can be expressed as a linear 
combination of six linearly independent solutions, i.e. 

tl‘ = z: C,W’ (33) 
j-l 

with initial values 

w: = 6 . . 3, (34) 

From the boundary conditions at r = 0, equation 

The three columns of the above determinant are 
computed by integrating the system of equations (28) 
and (29) four times. Each integration is performed 
with different initial conditions, i.e. with j = 3,4, 5,6 
in equation (33) using a standard numerical Runge- 
Kutta method. The determinant, equation (36) is 
complex, but its real and imaginary parts should van- 
ish at the critical values of the parameters (Re and 
ci). In order to determine the critical values of Ra 
and (r, that make the determinant vanish a Newton- 
Raphson method is used to find successively better 
approximations for Ra and 0,. 

RESULTS AND DISCUSSION 

The basic velocity distribution, equation (9), is for 
combined Couette and Poiseuille flow. The first term 
stands for the Poiseuille flow and the second term for 
the Couette flow. Isothermal Couette flow is stable 
for all Reynolds numbers as predicted by the linear 
stability analysis [24]. whereas Poiseuille flow is 
unstable for a Reynolds number of 5772.2 [25]. Heat- 
ing of the above llows from below leads to thermal 
instability. The critical Rayleigh number increases 
with increasing Reynolds number (Table 1). A simple 
relationship is predicted for Couette flow between CT, 
and k,, for the neutral stability curve. This relation- 
ship is a function of the Reynolds number and inde- 
pendent of the Prandtl number 

0, = (Re k, j/2. (37) 

The wave speed is seen to increase with the Reynolds 
number. For fixed values of Re, the Poiseuille flow 

is more unstable than the Couette flow (Table 1). 
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FIG. 3. Variation of wave number with Rayleigh number for different Reynolds numbers, Pr = 0.01, 
constant temperature boundary conditions. 

Also, the critical wave number is almost constant for 
Poiseuille flow (k, = 3.1). 

The more general convective boundary conditions, 
equations (14b) and (14c), permit examination of two 
special cases. The limit when Bi, = Bi2 = 00 corre- 
sponds to constant temperature boundary conditions, 
and the limit when Bi, = Biz = 0 corresponds to 
the constant heat flux boundary conditions. The re- 
sults for these two limiting cases are discussed first. 

Constant temperature boundary conditions 
The computer program was first tested for the 

Benard problem (Re = 0) and for fully developed 
laminar flow in a parallel-plate channel heated from 
below. The same results as those reported in the litera- 
ture [l l] were obtained. The program converges very 
rapidly for small Reynolds and Prandtl numbers. As 
these parameters are increased the method becomes 
very sensitive to the initial guess of Ra and cri. The 
effects of Reynolds number on the critical Rayleigh 
number, wave number and wave speed were inves- 
tigated for values of Prandtl number ranging from 
0.0001 to 1.0. Attention was focused on low Prandtl 
number fluids due to the importance of this range 
in materials processing applications involving liquid 
metals. 

An interesting type of instability was found for a 
shallow cavity flow. The traveling wave neutral curve 
is shown in Figs. 3 and 4. The neutral curve has two 
minima. For example, at Pr = 0.01 and Re = 700 the 
first minima is at k, = 1.45 and the second minima at 
k,=5.1,butforPr=O.landRe=300oneminima 
is at k, = 1.35 and the other at k, = 4.5. Most of 
the results show two such minima as Pr or Re are 
increased. The flow becomes unstable at kl = 1.35 for 
Pr = 0.01 and for Pr = 0.1 at k, = 4.5. When the 
Reynolds number is increased, the two values of the 
minima shift their positions relative to one another in 
such a way that increasing the Reynolds number shifts 
the higher wave number minimum to lower Rayleigh 

numbers that determine the critical value. Similar 
results were obtained as the Prandtl number was 
increased. For example, at Pr = 0.01 the second mini- 
mum first appears at Re = 300, while for Pr = 0.1 
it starts at Re = 200. Similarly, two minimum wave 
numbers were also found by others [26-281 for natural 
convection flow in a vertica1 slot. The lower value of 
the wave number minimum defines the instability of 
the flow when the buoyancy force predominates (i.e. 
thermal stability), while for ‘larger Reynolds number 
the shear force defines the instability and the higher 
wave number of the two minima is the critical value. 
From Fig. 4, at Re = 300 both minima itl the wave 
number are almost at the. same Rayleigh number 
because the thermal and hydrodynamic forces are of 
the same order of magnitude (Gr/Re’ = 1.2). For 
Re 2 400 the value of Gr/Re’ << 1, and the hydro- 
dynamic force defines the stability of the flow. From 
Figs. 3 and 4, it is clear that increasing Reynolds 
number shifts the stability boundary in the direction 
of increasing Rayleigh number. 

Figure 5 shows the variation of critical wave num- 
ber with Re for different Prandtl numbers. For 
Pr < 0.01 the critical wave number decreases mono- 
tonically ; however, it is expected that increasing the 
Reynolds number above 1000 will make the second 
minimum the dominant one. It is clear that at certain 
Reynolds numbers the value of k, (critical) switches 
to a higher value as the hydrodynamic force domi- 
nates the instability, and the switch occurs sooner 
as Pr increases. For Pr 2 1 the flow is defined by 
hydrodynamic stability (i.e. the shear force). Figure 6 
shows the phase velocity vs the Rayleigh numbers for 
different Reynolds numbers. For Re = 0 the insta- 
bility is in the form of stationary rolls. As the Reynolds 
number increases the rolls travel at a speed depending 
on Pr. For a wave number less than the critical value 
the velocity of the traveling rolls is a very weak func- 
tion of the Rayleigh number. Increasing the wave 
number the velocity of the rolls become a strong func- 
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FIG, 4. Variation of wave number with Rayleigh number for different Reynolds numbers, Pr = 0.1, constant 
temperature boundary conditions. 

tion of Ra, and for a certain value of Ra and k, the 
velocity changes its sign. The critical value of the 
wave speed increases with an increase in the Reynolds 
number. The second tip which appears at Re = 700 
and Pr = 0.01 at a wave speed of - 100 is due to 
hydrodynamic stability. 

Figure 7 and Table 2 shows how the critical Ray- 
leigh number (Ra,) varies with the Reynolds number 
for different Prandtl nuqbers. As the Reynolds and 
Prandtl numbers increase the critical Rayleigh num- 
ber increases. Also, increasing Pr increases the critical 
value of Ra. For Re = 0 all the curves converge to the 
Benard solution (Ra, = 1707.76). 

Constant heat$ux boundary condition 
Figures 8-10 show the neutral Rayleigh number as 

a function of the wave number for a range of Reynolds 
numbers with Pr = 0.01, 0.05, 0.1 and 1, respectively. 
A second minimum is observed for Re > 200 and 
Pr = 0.05 (Fig. 9) and for Re = 200 and Pr = 0.1 
(Fig. 10). This indicates an early appearance of the 
second minimum as the Prandtl number increases. 
While for Pr = 1 and Re = 100 (Fig. lo), the first 
minimum does not exist, and the trends are similar to 
those for the constant temperature boundary 
condition. In other words, the effect of the buoyancy 
force is not significant and stability is mainly due to 

Pr=l 

I I J 

4 6 8 IO 

Re * IO2 

FIG. 5. Variation of the critical wave number with Reynolds number for different Prandti numbers, constant 
temperature boundary conditions. 
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FIG. 6. Variation of the phase velocity with Rayleigh number for different Reynolds numbers, Pr = 0.01, 
constant temperature boundary conditions. 

the shear force, while for Pr < 0.1 and the Reynolds 
number range investigated the stability is due to the 
buoyancy force. This is because the temperature fluc- 
tuation at the boundary has more freedom than for 
the constant temperature boundary condition. Ampli- 
fication of the disturbance begins as k + 0, i.e. very 
long wavelength. The value of the critical Rayleigh 
number increases with increasing Reynolds number. 
In addition, increasing the Reynolds number de- 
creases the range of unstable wave numbers. 

A sharp discontinuity was found for Pr = 0.05 and 
Re = 300 as well as for Pr = 0.1 and Re = 200 (Figs. 9 
and 10). A discontinuity is not evident for the constant 
temperature boundary condition. To insure that the 
results are correct for such a range of parameters, the 
value of k, was increased by only 0.01 during the 

computations. More than 100 points were used to 
draw the portions of the curve near the discontinuity 
at Re = 300 and 200 in Figs. 9 and 10, respectively. 

Figure 11 shows the variation of wave speed with 
the neutral Rayleigh number. The wave speed has 
different trends compared to those for the constant 
temperature boundary condition (Fig. 6). Increasing 
the Rayleigh number increases the speed of the trav- 
eling waves, which depends on the Reynolds number. 
The speed then decreases’kd changes its sign. For 
Re = 300 the wave speed of -35 is due to the shear 
effect (hydrodynamic stability). Also, Fig. 11 shows 
the wave speed asymptotically approaches a constant 
value as the Rayleigh number increases and the value 
depends on the Reynolds number. 

Figure 12 and Table 3 shows the variation of the 

2Q- Table 2. Critical values of Rayleigh number, wave numtxx 
Pf=l.O 0.5 0.1 0.05 0.01 and complex growth rate for constant temperature boundary 

conditions 

0 0 

Pr Re Ra, kc ci 

0.01 100 2367.13 2.53 26.74 
200 3610.58 2.10 67.16 
500 7946.10 1.61 195.01 
700 11462.91 1.41 267.42 

1000 18048.13 1.18 353.47 
0.05 100 2484.34 2.50 19.47 

200 4535.21 2.00 46.77 

E 11 7227.06 176.75 1.65 1.40 71.07 90.68 
500 14 514.70 5.00 -465.53 

600 16 636.47 5.15 -593.16 
1 0.1 100 2749.75 2 4 6 a 2.50 12.95 lo . 

IO’ 
200 5843.99 1.80 31.97 

Re = 300 10678.91 4.60 -232.30 
FIG. 7. Variation of the critical Rayleigh number with Rey- 15 854.62 5.20 - 529.69 
nolds number for different Prandtl numbers, constant 18 587.92 5.38 -682.12 tem- 

perature boundary conditions. 700 21596.37 5.45 -821.06 
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FIG. 8. Variation of wave number with the Rayleigh number for different Reynolds numbers, Pr = 0.01, 
constant heat flux boundary conditions. 
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FIG. 9. Variation of wave number with the Rayleigh number for different Reynolds numbers, Pr = 0.05, 
constant heat flux boundary conditions. 

FIG. 10. Variation of wave number with the Rayleigh number for Re = 100 and 200 for 
constant heat flux boundary conditions. 
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FIG. 11. Variation of the phase velocity with Rayleigh number for different Reynolds numbers, Pr = 0.05, 
constant heat flux boundary conditions. 
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FIG. 12. Variation of the critical Rayleigh number with Reynolds number for different Prandtl numbers, 
constant heat flux boundary conditions. 

Table 3. Critical values of Rayleigh number, wave number 
and complex growth rate for constant heat flux boundary 

conditions 

Pr Re Ra, kc 6 

0.01 100 129.79 0.01 
200 758.54 0.00 
400 878.54 0.00 
600 997.88 0.00 

1000 1882.31 0.00 

0.05 100 892.27 0.00 
200 1410.50 0.00 
300 2279.96 0.00 
500 5109.93 0.00 

0.1 100 1406.79 0.00 
200 3472.41 0.00 
400 11816.59 0.00 

1.0 100 8295.50 400 

0.00 
0.00 
0.00 
0.00 
0.00 

0.00 
0.00 
0.00 
0.00 

0.00 
0.00 
0.00 

-81.81 

critical Rayleigh number with the Reynolds number 
for different Prandtl numbers. For Pr = 0.0001 the 
Rayleigh number is practically independent of the 
Reynolds number. For the range of Reynolds number 
investigated, increasing the Reynolds number sta- 
bilizes the flow for Pr > 0. 

General boundary conditions 
A Biot number of zero simulates a constant heat 

flux boundary condition, as discussed above. A Biot 
number approaching infinity simulates a constant 
temperature boundary condition. Experimentally it is 
difficult to achieve the above values (i.e. Biot number 
equal to zero or infinity), because it requires precise 
control of temperature or heat flux at the boundary. 
Hence, realistic values of the Biot number are between 
these two limits. Figure 13 shows the effect of con- 
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FIG. 13. Variation of the critical Rayleigh number with the upper boundary Biot number for different 
lower boundary Biot numbers and Reynolds numbers, Pr = 0.01. 

vective boundary conditions on the critical Rayleigh 
number. For Pr = 0.01, increasing the Biot numbers 
raised the critical value of the Rayleigh number, since 
higher Biot numbers enhance the damping effect of 
the temperature at the boundaries. 

CONCLUSIONS 

The hydrodynamic and thermal stability of a flow 
field produced by combined thermal buoyancy and 
lid driven shear forces in a shallow cavity have been 
studied. The eigenvalue problem resulting from linear 

stability analysis has been solved by a numerical 
scheme general enough to handle a wide range of par- 
ameters such as Re, Pr and boundary conditions. 
Based on the results obtained the following con- 
clusions can be drawn. 

(I) Two minimum wave numbers appear in the 

shallow cavity flow, each describes a different kind of 
instability mechanism (thermal and hydrodynamic). 

(2) For constant temperature boundary conditions 
the critical wave number switches from a lower value 
to a higher value due to a change in the relative mag- 
nitude of the driving forces. The smaller value cor- 
responds to the buoyancy dominated flow and the 
higher value to the hydrodynamic forces dominated 
flow. This kind of switching is not predicted for a 
constant heat flux boundary condition. The stability 
is due primarily to the thermal effect for the case of a 
constant heat flux boundary condition, because the 
first derivative of the temperature disturbance is 
damped at the boundary instead of disturbance itself 
as in the case of the constant temperature boundary 
condition. 

(3) Decreasing the Prandtl number of the fluid 
makes the flow more unstable. 

(4) Increasing the Reynolds number stabilizes the 

flow for the values of parameters investigated. Also, 
increasing the Reynolds number decreases the width 
of unstable wave numbers. 

(5) A stationary lid produces stationary rolls, while 
a moving lid produces traveling rolls. The speed of 
traveling cells is a function of controlling parameters. 
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STABILITE DANS UNE CAVITE PEU PROFONDE A COUVERCLE MOBILE ET 
CHAUFFEE PAR LE BAS 

RCm&+La stabilite hydrodynamique et thermique d’un Bcoulement cisaillant flottant thermiquement 
dans une cavite peu profonde est analysee par la theorie linearis&e de perturbation. On considere une cavitt 
chauffee par dessous et refroidie sur le couvercle mobile. Une procedure numerique qui est generale vis-a- 
vis des conditions aux limites, des nombres de Reynolds et de Prandtl, est dkrite pour resoudre les 
equations du modele linearise. Une integration directe numerique (RungeKutta avec Newton-Raphson) 
est utilisee pour resoudre les equations aux d&iv&es partielles du bilan. Cette methode donne un resultat 
exact pour le probleme classique de Benard avec apparition d’instabilitt au nombre de Rayleigh critique 
Ro, = 1707,76. Les r&ltats numeriques montrent l’existence de deux nombres d’onde critiques suivant 
que la force dominante qui gouverne l’ecoulement est l’effet d’Archimtde ou le cisaillement. Pour Pr < 0,l 
l’instabilitb est due a la force de flottement pour des conditions aux limites de flux thermique constant, 
tandis que pour Pr = 1 l’instabilite est due a la force de cisaillement. Un accroissement du nombre de 

Reynolds stabilise l’ecoulement et une reduction du nombre de Prandtl rend l’ecoulement plus instable. 

STABILITAT VON SCHERSTROMUNGEN IN EINEM FLACHEN, VON UNTEN 
BEHEIZTEN HOHLRAUM 

Zusammenfassung-Es wird die hydrodynamische und thermische Stabilitat einer kombinierten Auftriebs- 
und (horizontalen) Scherstriimung in einem flachen Hohlraum mit Hilfe der linearisierten Storungstheorie 
untersucht. Der Hohlkiirper wird von unten beheizt und an der oberen, sich bewegenden Abdeckung ge- 
kiihlt. Es wird ein numerisches Verfahren zur Losung der linearisierten Modellgleichungen beschrieben, 
das im Hinblick auf die Randbedingungen sowie die Reynolds- und Prandtl-Zahl allgemeingiiltig ist. Die 
auftretenden Differentialgleichungen werden mit Hilfe eines direkten numerischen Intearationsverfahrens 
(Runge-Kutta mit Newt&-Rap&on) gel&t. Man erhalt eine exakte Lijsung fur das lklassische Benard- 
Problem, bei dem die Stromung bei einer kritischen Rayleigh-Zahl von Ru, = 1707.76 instabil wird. Anhand 
der numerischen Ergebnisse kiinnen 2 kritische Wellen-Zahlen festgestellt werden, je nachdem, ob die 
Antriebskrafte der Strdmung durch Auftrieb oder Schenmg dominiert werden. Fiir Pr < 0,l wird die 
Instabilitlt durch die Auftriebskraft, bei konstanter Warmestromdichte als Randbedingung, verursacht, 
wlhrend bei Pr = 1 die Scherkrlfte fiir die Instabilitiit verantwortlich sind. Mit zunehmender Reynolds- 
Zahl stabilisiert sich die Stromung, durch Reduzierung der Prandtl-Zahl konnen instabilere Stromungs- 

verhlltnisse erzeugt werden. 
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YCTO@SiBOCTb TE9EHWI B HAl-PEBAEMOm CHM3Y HEl-JIYBOKOfi l-IOJ’IOCTM CO 
CbEMHOfi KPbIJLlKOft 

-Ha OCHOB~ nmeapmommoii Teopm no3tqmemiii anana3sspyeTcn rnqxmstrram+x~an x 
Teprmiwcxan yccoihieocrb T~MOBO~ cBo6omioii romex~ki a Teqemin c nonepewnm rpamiemohs 
c~opocra B tiernylionoti 110noc~H. PaccrdaTpHBaeTcn nonocTb, Harpenaebfan cm3y H 0xnawaeMar y 

BepxHeifnBaqueticn ~pbmxsi.Owcbmae~cn bseTo~KauicneHHorope~e~axsiHeapH3onaHHaahto~e- 

JlbHbIX ypaBiieHEi%, 06O6llIeHHall J&llfi pa3nE¶HblX ~arUr¶HbIX yCnOB&, a TBKXe YUCeJi PetiIiOnbAa U 

~pati/lTJlK. npA perUeHaB ~@epeHIWJlbHbIX ypaBHed COXpaHeHHK HCIIOnb3yeTCII lIpKMOii MeTOA 

YEiCneHHOrO HHTe~HpoBaHEtl (Pyme-KyTTa II HbEOTOHa-PafjJCOHa). flaHHb&i MeTOA II03BOJIReT nony- 
SHTbTOYHbt~pe3yJlbTaTllJIK ICJWCA’l~KO~3a~Y.H kHapa,B KOTOpOiiTe~eHAeCTaHOBHTCK HeyCTOtiYH- 

nbw npsi K~HTW~~CEOM wicne bnen, PaBHOM Rn, = 1707,76. %cneHHare pe3ynbTaTM yKa3MnaH)T Ha 

CyU&?CTBOBaHHe AByX KPHTHWCKHK BOnIiOBbIx 'IHRJI B JBBEICHMOCTH OT TOI.0, 'IeM BbI3bIBaeTCR 

Te¶eHHe-IIO~Ts%HOit CHJIOii Rw CJlBHI-0M.B CJIy¶ae Pr Go,1 HeyCTOii'JEBOCTb HHJJyIJEipyeTCK lIOAl.eM- 

HOiiCMOfi IIpH ~aHH'EIbIX yCJlOBEKXCIIO~OKHHblM TeIlJIOBbIM IIOTOICOM,B TO BpeMS KaK IIpH Pr= 1 

0Ha 06yCnOBneHacABlrroM~p~ )rsemrsemti 3Haqema sacna Petionbgca TeseHuecTa6arra3ApyeTcn,a 


